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ABSTRACT. In this paper, we introduce the concept of (¢, y)—pseudoadditive
mappings from a semigroup into a Banach space, and we provide a generalized
solution of Ulam’s problem for approximately additive mappings.

1. INTRODUCTION

In 1940, S. M. Ulam [28] posed the following fundamental problem. Given a
group G1, a metric group (G, d) and a positive number ¢, does there exist a § > 0
such that if f: G1 — Go satisfies d(f(zy), f(z)f(y)) < § for all z,y € Gy, then a
homomorphism T : Gi — G3 exists with d(f(z),T(z)) < e for all ,y € G1? See S.
M. Ulam [28] for a discussion of such problems, as well as D. H. Hyers [15]16], D. H.
Hyers and S. M. Ulam [I7) I8], Th. M. Rassias [25] 27], J. Aczél and J. Dhombres
[, I. Feny6 [10], and G. L. Forti [T2]. The first affirmative answer was given by D.
H. Hyers [15] in 1941.

Theorem 1.1 (Hyers [15]). Let Ey and E2 be Banach spaces. If f : By — FE»
satisfies the inequality

(1.1) [ f(@+y) = fle) = fly)ll <e

for some € > 0 and for all x,y € F1, then there exists a unique map T : F1 — FEs
such that

(1.2) Tx+y)—Tx)—Tly)=0  foral z,y€kE
and
(1.3) I flz)=T(x)|| <e for all =z € Ej.

The subject rested there until Th. M. Rassias [25] considered a generalized ver-
sion of the previous result which permitted the Cauchy difference to become un-
bounded. That is, he assumed that

1 f(@+y) = flx) = fW I < e’ +yl?)  forall z,ye E,
where € and p are constant with e > 0 and 0 < p < 1.
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By making use of a direct method, Rassias proved that, in this case too, there
is an additive function T from F; into Es given by the formula
1
T(x) = lim — f(2"
(¢) = lim o= f(2"2)

such that
T (x) = f(z)|| < kellz|”,

where k depends on p as well as ¢.

In 1990, during the 27** International Symposium on Functional Equations, Ras-
sias [26] asked whether such a theorem can also be proved for p > 1. Z. Gajda [13],
following the same approach as in [25], gave an affirmative solution to this question
for p > 1. Several generalizations of these results can be found in [19]-[23] and
[25, 26]. In connection with these results the following question arises. Let S be
an arbitrary semigroup or group and let a mapping f : S — R (the set of reals) be
such that the set {f(zy) — f(z) — f(y) |z,y € S} is bounded. Is it true that there
is a mapping T : S — R that satisfies

T(xy) —T(x) —T(y)=0 forall z,y €S,

and that the set {T'(z) — f(x) |z € S} is bounded?

A negative answer was given by G. L. Forti [I1] by means of the following ex-
ample. Let F(a, ) be the free group generated by the two elements «, 3. Let
each word z € F(«,3) be written in reduced form; that is,  does not contain
pairs of the forms aa™!, o ta, 887", 74 and has no exponents different from
1 and —1. Define the function f : F(«,3) — R as follows. If r(z) is the number
of pairs of the form af in z, and s(x) is the number of pairs of the form f~ta ™!
in x, put f(x) = r(z) — s(x). It is easily seen that for all z,y € F(«,3) we have
flzy)— f(z)— f(y) € {-1,0,1}. Now assume that there isamap T : F(a, 5) — R
such that the relations (L2) and (L3) hold. However, T is completely determined
by its values T'(«) and T'(f3), while f is identically zero on the subgroups A and
B generated by « and g, respectively. For a« € A we have T(a™) = nT'(«) and
f(a™) =0 for n € N (the set of natural numbers). Since T'(a™) — f(a") = nT ()
for n € N, it follows that T'(«) = 0. Similarly we have T(3) = 0, so that T is
identically zero on F(«,3). Hence, f — T = f on F(a, 3), where f is unbounded.
This contradiction proves that there is no homomorphism 7' : F(a, 3) — R such
that the relation ([I3) holds.

It turns out that the existence of mappings that are “almost homomorphisms”
but are not small perturbations of homomorphisms has an algebraic nature.

Definition 1.2. A quasicharacter of a semigroup S is a real-valued function f on
S such that the set {f(zy) — f(z) — f(y)|z,y € S} is bounded.

Definition 1.3. By a pseudocharacter of a semigroup S (group S) we mean a
quasicharacter f that satisfies f(z™) = nf(z) for all x € S and all n € N (and all
n € Z, if S is a group).

The set of quasicharacters of a semigroup S is a vector space (with respect
to the usual operations of addition of functions and their multiplication by num-
bers), which will be denoted by KX (S). The subspace of KX(S) consisting of
pseudocharacters will be denoted by PX(S), and the subspace consisting of real
additive characters of the semigroup S will be denoted by X (S). We say that a
pseudocharacter ¢ of the group G is nontrivial if ¢ ¢ X(G). In connection with



THE SPACE OF (v,~)-ADDITIVE MAPPINGS ON SEMIGROUPS 4457

the example of Forti [I1], note that his function is a quasicharacter of the free
group F(a,3) but not a pseudocharacter of F(«, ). In [5] the set of all pseu-
docharacters of free groups was described. In [4]-[9] a description of the spaces of
pseudocharacters on free groups, semigroups, free products of semigroups, and on
some extensions of free groups was given.

For a mapping f of the group G into the semigroup of linear transformations
of a vector space, sufficient conditions for the coincidence of the solution of the
functional inequality || f(xy)— f(z)- f(y)|| < ¢ with the solution of the corresponding
functional equation f(xy)— f(z)- f(y) = 0 were studied in [2,[14,[24]. In the papers
[14, 24], it was independently shown that if a continuous mapping f of a compact
group G into the algebra of endomorphisms of a Banach space satisfies the relation
If(xzy) — f(x) - f(v)]| < 0 for all z,y € G with a sufficiently small § > 0, then f
is e-close to a continuous representation g of the same group in the same Banach
space (that is, we have || f(z) — g(z)|| < ¢ for all z € G).

In this paper, we introduce the notions of (¢, ~)—quasiadditive mapping and
(1, v)-pseudoadditive mapping. These notions include the notion of pseudocharac-
ter and the notion of ¥—additive mappings. The latter have been introduced in [22]
and [23].

2. THE SPACE OF (%), y)—PSEUDOADDITIVE MAPPINGS

In what follows, by ) we will mean a function from R (the set of positive reals)
to R4 satisfying the following conditions:

1) 1 is an increasing function,
2) Y(t) <tforallteRy,
3)  Y(tita) < P(t1) P(t2),
4) Yt +t2) < Y(th) + ¥(ta),

t

5) tlim vt =0.
Let S be an arbitrary semigroup. By « we will mean a function from S to R
satisfying the inequality

y(zy) < y(w) +(y)-

Definition 2.1. Let S be an arbitrary semigroup and E a Banach space. Let the
functions ¢ and ~ satisfy the above conditions. We say that a mapping f: S — F
is a (¢, v)—quasiadditive mapping if there is a 0 € Ry such that

(2.1) 1f(zy) = f(z) = fF)ll < Olp(v(2) + ¢ (v(y)] Yo,y € 5.

It is clear that the set of all (¢, v)—additive mappings from S to E is a real linear
space relative to the usual operations. Let us denote it by KAMy (S; E). It is
obvious that for any x € S and for any m € N we have

(2.2) A(&™) < my(a).
Proposition 2.2. Let f € KAMy ,(S;E) and 8 > 0 be such that

1f(zy) = f(z) = fF)ll < Op(v(2) +P(v(y))] for all z,y € S.

Then for any q € N there is a ¢4 € Ry such that for any n € N the following
relations are valid:

(2.3) ‘ !

q—nf( )= fl=)

<, mz_ (@)mwmx»
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and

(2.4) \ L) - 5@ T ().

= q—v(q)

Proof. We claim that for any positive integer ¢ > 2, there is a ¢, > 0 such that for
all x1,x9,...,24 €5,

q

(2.5) flxize - 2q) — Zf(xi)

q
<egy O

i=1
The proof follows by induction on ¢. Obviously (Z35) is true for ¢ = 2, and we can

assume that co = 0.
Suppose that (2) is satisfied for g. We prove it for ¢ + 1. We have

[ f(@122 - 2g2q11) — f(T1272 - ) — f(T041)]

< p((Tize - xg)) + Y (v(Tg41))]
<co [wam)) + Y (v(zg41))]

g+1

< 0221/1(’)’(95
=1

Now from (ZH) we obtain
g+1

< Zw )+ Y Py
=1

q+1

< (e + ) Y vr(@)

Letting c44+1 = c2 + ¢4, we have the required result.
Now we prove (23). The proof is by induction on n. From (23h]) we obtain

q+1

Hf(xlf@ " TqTqt1) Zf (i)

1Fa) — af(a |<chw ) = ¢4 0(3()).
Therefore,
(2.6) Hlf@cq)—f(x) < cd(3(2)),

and (Z3) is established for n = 1. Next we assume that (Z3)) has already been
established for n, and prove it for n + 1. Substituting « for 27 in [Z3)), we get

\ qinf(w’v ~ 1@ <e mZ: (@)mwwq))'
Hence
| L - mz_j (H42)" 500 v
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and
s ) = ] < 03 (M) uae
m=0
" ()"
-a3 (Tq) (@),
Thus,

1

1 n+1 n+1 1
N q _ _ q
) = L)

Wf(xq ) — f(z)

S ‘

< 3 (M) wr(a) + vl a)

" Hgﬂxq) @)

m=1

c x . GO
(2.7) < g ¥l >>mZ=O( @)

Hence (Z3) holds for all n € N. Further, taking into account that @ < 1, we
have

& > () -

m=0

and from (27) and (2.8), we get (24). O
From (27)) it follows that for any x € S and any g € N the set
1 n
{q—nf(xq )| nEN}
is bounded.

Lemma 2.3. Let f € KAMy (S; E). For any x € S and any q € N, the sequence
{qikf(qu)}z.;l has a limit f,(x). Moreover, f (x?") = q™ f,(x) for all m € N.

Proof. From (Z4)) we have

(2.9) \ I = ) ] <o =L u6)
and

k k k
(2.10) \q%ﬂx ) - 1) chq_%m‘”f;)ww))

From (ZI0), we conclude that the sequence

(7o)

is a Cauchy sequence, and by the completeness of E this sequence has a limit. We
denote it by fq(x).
Now we show that for each m € N, we have fq(xqm) = ¢" f,(x). Indeed,
m . 1
fol@®) = Jim - f(at

mtk 1 mtk

) =" Jim ) = o)
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Lemma 2.4. f, € KAMy (S; E) for all g € N.

Proof. From Proposition 22, it follows that there is a ¢, > 0 such that for any
x € S, the inequality

1fo(@) = F@)I| < g —L—— (v(x))

holds. Hence

[fa(zy) = fo(x) = fa(¥)

= lfa(zy) = f(zy) — fo(@) + f(2) = foly) = f(y) + fzy) — f(2) = f)]

< | fa(wy) = Flay)ll + 1 fo(x) + £ ()]

+||fq() f(y)||+||f(xy) fl@) = W)l
o

S = w( )w(v( y)teq = () V(@)

g w(q)wm(y))ww(wm)w( ()]
T [p(v(xy) + o (r(@) + Ly ()] + 0 [ (1)) + (v ()]

U —(q)
[W(y(@) + (v () + (v(2) + (v (y))]

q
+0[p(y ( ) +v(v(y))]

= (g
< 2¢, ﬁ W) + (v (W)] + 0 [(y(x)) + (v (y))]
q

<2cqq e +9> [W(v(x)) + L (v(w)]-

O

Lemma 2.5. Let f € KAM, (S;E) and the functions fy be as in Lemma [23.
Then

fo=fam-r=fn=--.
Proof. Let ¢ > 2. Let us verify that f» = f;. Consider the function ¢ defined by
1
(2.11) o(x) = lim —fg(xq ).
m—0o0 q

From Lemma [Z4] we see that ¢ € KAM, ,(S; E). From Lemmal[Z3] we have

o(a?") = q"p(x)

for all z € S and for all m € N. Moreover, from the definition of the function ¢
and formula (Z4) in Proposition 2, we obtain

/ q
2.12 - <
(2.12) le(z) = fa(z)l| < e R P(y(x))
for some ¢’ > 0 and for all x € S. It is clear from (ZII) that
(2.13) p(a®") = 2" ()

for all x € S and for all m € N.
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/I q .
For each x € § and for ¢, > ¢/ .=, from Z13) and (ZI2) it follows that

2" () ~ fa(a)]| < e ("))

Y(q)
< eod(2* ()
(2.14) < g (2") ¥ (v()).
Since
(2.15) lo(@) — @) < 22 yiy(@)) — 0 asn — oo,

2n
we obtain that ¢ = f. Similarly, from the relations

p(x?") = ¢ p(z), VreS, VmeEN,

and
@) = fol@)l < e-—Frsvlr(@), Vees,
we get ¢ = f,. Thus, we have fo = p = f,. O

We denote the function ¢ introduced in Lemma 2.5 by f In other words, for
any f € KAMy (S; E) the function f is defined as

(2.16) fl@) = lim —f( Y.

n—oo 2"
Furthermore, for any f € KAM,y ,(S; E) the function fsatisﬁes the relation
f(x") = an(x), forz € Sand n e N.
Indeed,
flat) = fo(e9) = afy(@) = af ().

Definition 2.6. By a (¢, y)—pseudoadditive mapping of a semigroup S, we mean
a (1, v)—quasiadditive mapping ¢ such that ¢(z™) = ne(x) for all z € S and for
each n € N.

We denote the space of (1, ~)-pseudoadditive mappings of a semigroup S by
PAM, ~(S; E).

If E =R, then we will call a (¢,~)-additive mapping a (v, y)—quasicharacter,
and a (¢,~v)-pseudoadditive mapping a (¢, y)-pseudocharacter. We denote the
space K AMy (S;R) by KXy ~(S), and PAM, ~(S;R) by PXy ~(S5).

Corollary 2.7. (i) Let a mapping f : S — E satisfy the following relation:
[f(zy) = f(2) = fWI < 0 [ (v(2)) + & (v(y))] for all z,y € S

for some 8 > 0. Then fe PAMy ~(S; E), and for 6, =0 we have

2— 1/)(2)
|F@) = @)l < 01 9(3(x)) for all z € 5.
(i) Let f € KX(S). Then f e PX(S). Further, if
lf(zy) — f(z) — f(y)]] <O for some 6 >0 and for all x,y € S,
then
[f(x) = f(z)]| <0 for all z € S.
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Clearly, = : KAMy (S;E) — PAMy(S;E) is a linear mapping of
KAMy~(S; E) onto PAMy, ~(S;E).
Corollary 27 can also be obtained from the results in [3].

Lemma 2.8. If a semigroup S contains the unit e and f € PAM,y ,(S;E), then
1) f(e) =0, and
2) f(x=Y)y=—f(z) for anyx € S having an inverse.

Proof. 1) nf(e) = f(e™) = f(e) for each n € N. Hence, f(e) = 0.
2) Let 6 > 0 be such that

217 Nf(@y) = fl2) = fWI <O (v(2) + ¥ (v(y))]  forall z,yeS.

Hence, for any n € N, we have

[f(zma™™) = fa) = fla™™)]| <O [p(y(a™) + (y(@™™))];
[£(e) = fa™) = fa™™)[| < 0[p(y(2)) + D (v(a™"))],
1) + f@™™)|| < 0 [p(y(a™)) +D(v(z™™))];

nllf(@) + f™ DI <0 [p(y(™) +(y@))],

nllf(@) + fa™ I <0 [p(ny(@)) + v(ny(™)],

nllf(@) + f™ DI <0 () Y(y(@) + ¥(n) vy,
1f (@) + Fa )| < 022 (3 () + 9 (y(2)]

Since w( ) 0as n— oo, we get f@)+ f(z=1) =0, that is, f(a7!) = —f(z). O

By By.~(S,E) we denote the linear real space of functions on S satisfying the
relation

If(@)]] < c(y(x)) for some ¢ > 0 and for all x € S.
Theorem 2.9. KAMy (S; E) = PAMy ~(S; E) @ By 4(S; E).

Proof. 1t is easy to see that PAM, (S;E) and By ,(S;E) are subspaces of
KAMy (S; E). Let us show that PAM,, ,(S; E) N By ,(S; E) = {0}.
Indeed, if f € PAMy (S; E) N By »(S; E), then for some ¢y > 0 we have
If @) < cpo(v(x), V€S

Let ¢ > 1. Then for each x € S, we get

1F@ ) < erp(v(z7")), VneN.
Therefore,

" f (@) <epp(y(=)), YneN,
and

¢" | f@) < crp(@"(x)), VneN.
From the latter, we get

¢" If (@) < cpp(q™)(v(x), VneN,

and

1@ < e 29wy, vmen.

q’ﬂ

Hence f = 0. Now let f be an element from K AM,;, (S;E); then fe PAMy ~(S;E).
From Corollary [Z7] we have f — f € By ~(S; E). O
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Let v(x) = ¢ for some ¢ > 0 and for any z from a semigroup S. Then the space
KAMy ,(S; E) consists of functions f : S — E such that the set

{ﬂmﬁ—ﬂ@—f@ﬂxweS}

is bounded and the set By, ~(S; E) consists of a bounded function § : S — E.
Now if E = R we obtain KAM, (S;R) = KX(S), By ~(S;R) = B(S), where
B(S) denotes the space of real bounded functions on S.

Theorem 2.10. Suppose that f € PAMy ,(S;E) and a,b € S. If ab = ba, then

flab) = f(a) + f(b).

Proof. For any n € N we have

n | flab) = fa) = f(b) || = [ f((ab)™) — f(a™) — F(b") ||

= | f(a™0") = f(a™) = (") |
<0 [Y(v(a™)) + ("))
< 0[p(yv(a™)) + (v (b))
< O[p(ny(a)) + ¢ (ny(0))]
< 0p(n)[¥(v(a) + ¥ (v(b))]-

Hence,

I £(at) ~ fa) — £0) 1 < 02 @) + w3 0)

Therefore, f(ab) — f(a) — f(b) = 0. O

Theorem 2.11. Suppose that f € PAMy (S;E) and z,y € S. Then f(xy) =
flyz).

Proof. For any n € N, we have

£ ((@y)™*Y) = f(2) = f((y2)") = fW)
(

< [Y(v(x)) + (v ((y2)™) + (v (y))]

<3 [P(v(2) +p(ny(yz)) + ¥ (v(y))]

< e [Y(v(2) + () P(v(yz)) + 2 (v(y))]

<[ (v(x)) + () Y(v(2) + () P(v(y)) + (v (y))]

Hence,

£ ()" ) = f(y2) )]
= f((y)" ™) = f(2) = fy) — f(

< (@)™ *h) = f@) — fly) = f
+1f(2) + fy

ya)") + f(@) + fy) + F((y)") — F((y)" ")l

(yz)")|

( (yx) ) f((y il
<z (P(n) +1) [o(y + £ (@) + Fy) = fyx)ll
<ez(P(n+1)+ DY ( (x )) (7 Y + e [P(v(2) + 9 (v(y))]
<cs(Wn+ 1)+ D) + ()] +c2 ((n+1) + 1) [y
<(ez+e2) (@(n+1)+ 1) [(y() + v (v(y))]

(@) + ¥ (v(y))]
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and

(n+ D) 1f(zy) = fyo)l] < (3 +c2) ((n+1) + 1) [(v(2)) + L (v(y))]-

Therefore,

1f(zy) = fyo)]| < (e5 + c2) (L2 4+ LY [w(v(2)) + 9 (v())]-
Hence, f(zy) = f(yz). O

3. SEMIDIRECT PRODUCT

Suppose that A and B are semigroups with units. Let G = A- B be a semidirect
product of A and B, and let A act on B by endomorphisms. Let a;,a2 € A and
b1,ba € B. Then we have a1by - agba = ajazb]?by. Here b® denotes the image of the
element b under the endomorphism a. If f € KAM, (G, E), we get

[ f(a1b1 - azba) — flarbr) — f(azb2)|| < 0 [Yp(v(a1b1)) + ¥ (v(azb2))],

1f(ba) = £(b) = f(a)]| < O[(v(b)) +¥(v(a))],
1 (ab®) — f(a) = fFOO)] < O (v(a)) + (v (b"))]-
Let S be an arbitrary semigroup, f € KAMy (S; E), and a an endomorphism
of S. Let f* be a function defined by f*(z) = f(z®).

Definition 3.1. Let f € KAM, ,(S; E) and a an endomorphism of a semigroup
S. We will say that f is invariant relative to o if f = f. If f is invariant relative
to all a from a semigroup A of endomorphisms of S, we will say that f is invariant
relative to A. The set of all f in KAM, ,(S;E) invariant relative to A will be
denoted by K AM,y (S, A; E).

The next corollary follows from Theorem 2111

Corollary 3.2. Let G be an arbitrary group and f € PAM, (G, E). Then f is
invariant under inner automorphisms of G.

Proof. Indeed, suppose that « is an inner automorphism of G. Let = be an element
of G such that y* = 2~ 'yz for any y € G. Then by Theorem [ZII] we have

o) = fy®) = fla™tyz) = flyz-27h) = f(y). O

It is clear that KAMy (S, A; E) is a linear space. Its subspace consisting
of elements from PAM, (S; E) will be denoted by PAMy (S, A; E). Let f €
PAM,y (B, A; E), and let us extend the function f to a function f; defined on
G = A - B as follows:

(3.1) fi(ab) = f(b) Va€e A, beB.
Lemma 3.3. Suppose f € KAMy (B, A; E), v(b*) = ~(b) and v(ab) = ~v(a) +

~v(b) for any a € A and b € B. Then the function f1 defined by BI) is in
KAM, (G; E).

Proof. Since
[f1(a1by - azba) — fi(arbr) — fi(azba)|| = || f(b°b2) — f(b1) — f(b2)]
= [l (b7%b2) — f(b1?) — f(b2)l
0 [ (v(07%)) + ¢ (7(b2))]
= 0[(y(b1)) + ¥ (7(b2))]
0 [1p(y(a1b1)) +b(y(azb2))];
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the lemma is proved. [l

Lemma 3.4. Suppose that f € PAMy (B, A; E), v(b*) = ~v(b), v(ab) = v(a) +
~v(b), and the function fi is defined by (31)). Then the function

p(x) = lim lfl(x") Ve G=A-B

n—oo N

belongs to PAMy (G; E), and
elp=1 ¢l,=0
Proof. 1t is clear that ¢ € PAM, (G; E) and SO‘A = 0. Furthermore, we have

P(b) = Tim = F(b") = Tim ~n f(b) = f(D).

n—oon, n—oon,
Thus the lemma is proved. (|

It is evident that the mapping f — ¢ is an embedding of PAM, (B, A; E) into
PAMy (G E).

Let f € PAM, (A; E); then the function A(ab) = f(a) belongs to PAMy, (G; E)
and the mapping f — A is an embedding of PAM,, ,(A; E) into PAM, (G; E).
Hence, we can assume that the spaces PAMy (A; E) and PAM, (B, A; E) are
subspaces of PAMy, ~(G; E).

Theorem 3.5. Let v(b*) = ~(b), v(ab) = ~v(a) + v(b), for all a € A and for all
be B. Then PAMy (A-B;E) = PAMy ,(A; E) @ PAMy (B, A} E).

Proof. 1t is clear that PAM,y ,(A; E) N PAMy (B, A; E) = {0}. Indeed, if f €
PAMy (A; E) N PAMy (B, A; E), then f‘A =0 and f|B = 0. Hence, from the
relations

[[f(ab) — f(a) = f(O)I| < O (v(a)) +(v(b))],
P(v(a)) < ¥(v(ab))

and

Y(y(b)) < Y(y(ab)),
we have
£ (ab)|| <20 (vy(ab)).

Therefore, f € By 4(G) and f = 0. Hence, the subspace of PAMy (G; E) gener-
ated by PAM,y ~(A; E) and PAMy (B, A; E) is their direct sum; that is,

PAMy (A E) ® PAM, (B, A; E) C PAMy (G, E).
Let us verify that
PAMy (A E) ® PAM, (B, A; E) = PAMy (G, E).

Suppose that f € PAMy (G; E) and ¢ = f‘A; then ¢ € PAMy (A; E). Let us
extend ¢ to the function @ on the semigroup G as follows:

(ab) = p(a).
It is clear that € PAM, (G; E) and
g(z) = f(x) — §(x) € PAMy (G E), (f - §)|, = 0.
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Let us verify that g € PAMy (B, A; E). Obviously 52|B = 0. Hence, g}B = f}B.
Furthermore, for some 6 > 0, we have

lg(ba) — g(b) — g(a)|| < O [(v(b)) + ¥ (v(a))]-

Hence,

llg(ad®) = g(b%) = g(a)[| < B[ (v(b)) + P (v(a))];
and, because v(b%) = v(b) and ba = ab®, we obtain

19(6%) = g(O)[| <268 [(v(b)) + ¥ (7(a))].

The latter implies that for any n € N we have

lg((0™)*) = g(®") <20 [ (")) + ¥ (v(a))]-

Hence,

a [ (ny () +¥(v(a))]

[9(6*) — g(b)|| <26 # Dot

Since

lim M:0 and lim M:O,

n—oo N n—0o0 n
we obtain the relation ¢(b%) = g(b). Hence, g € PAM,, (B, A; E). This completes
the proof of the theorem. O

4. STABILITY

Let A be an arbitrary semigroup with unit, and B be a group. For each b € B,
denote by A(b) a semigroup that is isomorphic to A under an isomorphism a — a(b).
Denote by D = AB) = [I,cp A(b) the direct product of semigroups A(b). It is
clear that if a(by)a(b2) - - - a(by) is an element of D, then for any b € B, the mapping

b* s a(br)a(bs) - - - a(by) — a(bib)a(beb) - - - a(brd)

is an automorphism of D and b — b* is an embedding of B into Aut D.

Hence, we can form a semidirect product G = B-D. This semigroup is the wreath
product of the semigroup A and the group B, and will be denoted by G = A B.
We will identify the semigroup A with A(1), where 1 € B. Hence, we can assume
that A is a subsemigroup of D.

Let v4 : A — Ry and ya(zy) < va(z)+va(y) for all z,y € A. Let vp : B — R4
be such that vp(zy) < vp(x) +vp(y) for all z,y € B. Let us extend 4 from A to

D as follows: y(a1(b1)az(bg) -+ am(bm)) = > i, va(as).
Now let us write

V(b ar(br)az(bz) -+ am(bm)) = v5(b) + (a1 (b1)az(bz) - - am (bm).-
Denote by HOM (A; E) the set of all homomorphisms from A into E.
Theorem 4.1. (i) If the group B is infinite, then
PAM, (Al B) = PAM, ,(B) ® HOM(A; E).
(ii) If the group B is finite, then
PAM, (AU B;E) = PAM, (B; E) & PAM, (A; E).
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Proof. By Theorem B.H we have PAM,, (A1 B) = PAMy ,(B) & PAM, (D, B).
Let b;, 1 =1,2,...,k, be distinct elements from B. Then for any a;, 1 = 1,2,...,k,
the subsemigroup of D generated by a;(b;), ¢ = 1,2,...,k, is abelian. Hence if
u = a1(b1)az(ba) - - - ax(bg), v = a1(b1)az(ba)- - ax(by) and f € PAMy (D, B),
then

k

>l aaub) ~ flas(b) - o)

i=1

[ (wv) = f(u) = f)]| =

Let B be an infinite group, and let b; for i € N be distinct elements from B. Let
a,a € A. Consider elements uy, = a(by)a(bs) - - - a(by) and vy = a(by)a(bs) - - - a(by).
Then by Theorem .10}, for any k € N, we have

k

S f(aalb) - Fla(bi) - f(a(bm]H.

i=1

Let r = f(aa(by)) — f(a(b:)) — f(a(by)). Hence,

[ (wv) = f(u) = f0)]| =

[ (wv) = f(u) = fF)]| =

Furthermore, we have

[ f(uv) = f(u) = f)|| < cp(y(u) +(v(v))].
Hence,
Ellr|l < cly(v(uk)) + ¢ (v(vi))]
=c[t(v(a (b1) (b2) -+~ a(bk))) + Y (v(a(br)a(be) - - - a(b)))]

=[o(2 o0

[Wm( )+ ¥(k(a
SC[w(k)w( (a)) + ¥ (k w( (@))]-

\_/

/_\
Mw
Q

Hence,

O iy +e A prga)), vien

The latter is possible only if » = 0. Thus if B is infinite and f € PAMy (D, B),
then f is a homomorphism of D. Denote by &, the restriction of f to A(b). Let a
be an arbitrary element from A. According to the action of B on D we have

fa(b)) = f(a(1)’) = f(a(1)),

Irl < e

that is, &(a(b)) = &1(a(l)). Hence, there is an element ¢ in HOM (A; E) such
that fb(a(b)) = {(a) for any a € A and for any b € B. Therefore, for any u =
aq(b1)az(ba) - - - ax(by) the relation

flai(br)az(b2) - Zf (a;)
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holds. Hence PAMy, (A1 B;E) = PAMy (B;E) ® HOM (A E).
Now let B be a finite group of order m. It is easy to verify that in this case, for
any f € PAM, (D, B), there is a ¢ € PAMy ~(A) such that

flai(br)az(bz) - - am (b)) = Z@(ai)-

Hence if the group B is finite, then
PAMy, (AU B; E) = PAMy (B; E) @ PAMy,(A; E).

Definition 4.2. We say that the functional equation

(4.1) fley) = f(z) = f(y) =0
is (4, y)—stable on a semigroup S if for any f satisfying the functional inequality

1f(zy) = f(z) = W) < O[(v(2) + o (v ()], =,y €5,

for some € > 0 there is a solution T of the functional equation (@) such that the
function T'(z) — f(x) belongs to By ~(S; E).

It is evident that (1)) is stable if and only if PAM,, ,(S; E) = HOM(S; E).
Now from Theorem 2.10] we obtain the following corollary.

Corollary 4.3. The functional equation ([-1) is stable for any Abelian semigroup.

Consider the free group F' on two generators «, 3. Let f be Forti’s function
(see the introduction). Then the function f is a pseudocharacter of F' such that
f(aﬂ) = 1. Let F be an arbitrary Banach space. Consider a mapping ¢ : ' — E
such that ¢(z) = f(z) - e, where e denotes some fixed element of E such that
le]l = 1. Let us define a function v : F' — R as a constant y(z) = ¢ for some ¢ > 0.

Now let us verify that the equation (B is not (¢, ~y)—stable.

Indeed, it is easy to see that ¢(a) = ¢() = 0. Suppose that there is an
element £ € HOM (F; E) such that ¢ = ¢ — £ € B(F;E); then g(a) = &(a),
9(8) = £(8). From the relations g(a”) = £(a™) = n - £(a), g(8") = n - £(B), we
obtain () = £(8) = 0. Hence £ = 0 on F. This implies g = ¢ and contradicts the
assumption that g is bounded.

So, in general, equation (BI) is not (¢, v)—stable on the class of all groups.

Corollary 4.4. Let A be an arbitrary group. Then A can be embedded into a group
G, and the equation

flay) = f(2) = f(y) =0
is (1, y)-stable on G.

Proof. If equation (BT is (v, y)-stable on A, there is nothing to prove. Now sup-
pose that (@) is not (¢, ~y)-stable on A. Let G = A{Z. Then by Theorem T}, we
obtain PAMy (G; E) = PAMy ~(Z; E) ® HOM(A; E). Now from Theorem 210
we have PAMy (Z; E) = HOM (Z; E). Hence,

PAMy (G;E) =HOM(Z;E) ® HOM(A; E),

and the proof is complete. O
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Definition 4.5. We shall say that an element x of a semigroup S is periodic if
there are n,m € N such that n # m and ™ = ™. We shall say that the semigroup
is periodic if every element of S is periodic.

From Lemma 278 it follows that if f € PAMy (S;E) and z is a periodic
element of S, then f(z) = 0. Indeed, for some n # m, f(z™) = f(z™) implies
nf(x) = mf(x), which is (n —m) f(z) = 0, and thus f(z) = 0. So equation {I) is
stable for any periodic semigroup.

Remark 4.6. If S is a semigroup with zero and f € PAM, (S, E), then f = 0.

To see this, consider, for some 6 > 0,

1/ (zy) = f@) = @I < O0[(v(2) + L (v(»)], 2y €S

It is clear that f(0) = 0. Now substituting 0 for y in the last inequality, we
obtain ||f(x)| < 0 [¢¥(y(x)) + ¥(7(0))] for all z € S. The latter implies || f(z")|| <
0 [W(y(z™)) + ¥ (~(0))] for all n € N. Hence,

I7@) <6 Winy(@) + 9], ¥neN,

and

v(n)

@l <6 |Ev0@) + - v00)] e

The last inequality yields f(z) =0 for all z € S.
The next corollary follows from Remark E.6.

Corollary 4.7. Any semigroup S can be embedded into a semigroup Sy such that
equation (4.1)) is (v, y)-stable on Sp.

Proof. Let Sy be a semigroup obtained by adjoining the zero to the semigroup
S. From Remark E6] we have PAM, ,(So, E) = {0}. Hence equation (EI) is
(1, )-stable on Sp. O

Definition 4.8. We shall say that in a semigroup S a left law of reduction is
fulfilled if any equality zy = zz in S implies y = 2. Similarly, we shall say that in a
semigroup S a right law of reduction is fulfilled if any equality yz = zx in S implies
Yy =z.

Obviously, in a semigroup with zero, neither a left nor a right law of reduction
is fulfilled.

Theorem 4.9. Let S be a semigroup with left (or right) law of reduction. Then
S can be embedded into a semigroup G with the left (or right respectively) law of
reduction such that equation [-1) is (¢, y)-stable on G.

Proof. Let S be a semigroup with left (or right) law of reduction. It is not difficult
to verify that S1Z is a semigroup with left (or right) law of reduction respectively.
Now we apply the same arguments as in the proof of Corollary B4l O

Let G be an arbitrary group. For a,b,c € G, we set [a,b] = a~'b~'ab and
[a,b,c] = [[a,b], c].

Definition 4.10. We shall say that G is metabelian if for any z,y, z € G, we have
([z,9],2] = 1.
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It is clear that if [z,y] = 1, then [[x,y], 2] = 1, and hence any abelian group is
metabelian.

Our next goal is to prove a stability theorem for any metabelian group. Consider
the group H with two generators a, b and the following defining relations:

(4.2) [b,ala = alb,a], b[b,a] = [b,ald.
If we set ¢ = [b,a], we get the following representation of H in terms of generators
and defining relations: H = {(a, b, c||c = [b,a], [c,a] = [¢,b] = 1).

It is well known that each element of H can be uniquely represented as g =
a™b"c*, where m,n, k € Z. The mapping

1 k
g= a™b"* — | 0 m
0 1

o~ 3

is an isomorphism between H and UT'(3,Z).
By induction on p, it is easy to verify for any m,n, k, p € Z the following relation
holds:

p—1
i=1

From this relation it follows that

(4.3) (a"bmck)p _ anpbmpcp(p)nm—i-pk.
Lemma 4.11. If f € PAMy (H;E) and f(a) = f(b) =0, then f =0.

Proof. Let us verify that b= 'a~'ba = bab~'a~!. Indeed, ba =abc; hence bab~'a~' =
abch~la™! = abb~la"lc = ¢. Now from Theorems 2.10] 211 and Lemma 2.8 we
obtain f(c) = f(b"1a"tba) = F(b~'a~1) + f(ba) = F((ab)~1) + f(ba) = — f(ab) +
F(ba) = — f(ba) + f(ba) = 0.

The element ¢ belongs to the center of H. Now for z = a™b"c*, we have f(z) =
Flambnet) = F@mb™) + f(cF) = f(amb™).

Therefore,

1f(2) = f(a™) = FO")]| < 0 [d(v(a™)) + (7 (b™))];
17 < 0 [¢(m(a)) + ¢ (n (D)),
and now from the relation ([3)), we obtain
£z < 01 (mpry(a)) +d(npy ()],

1£)] < 0 42 [p(my(a)) + (b)),

Now from the relation @ — 0 as p — oo, we get f(z)

0. (|

Lemma 4.12. PAMy (H;E) = HOM(H; E).

Proof. Tt is well known that the group H is a free metabelian group and the elements
a, b are free generators of H. This means that every assignment a — x and b — v,
where z,y € E, can be extended to a homomorphism of H into E. Now let f €
PAM,, ~(H; E); then there is an element ¢ € HOM (H; E) such that ¢(a) = f(a),
w(b) = f(b). Since g = f — ¢ € PAMy (H;E) and g(a) = ¢g(b) = 0, by the
previous lemma we get g = 0. Therefore f = . |
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Theorem 4.13. The equation ([{.1) is stable on any metabelian group.

Proof. Let G be a metabelian group and f € PAMy ,(G; E). Let z,y € G; then
there is a homomorphism 7 of H into G such that 7(a) = = and 7(b) = y. It is clear
that the function v* on H defined by the rule v*(g) = v(7(g)) satisfies the condition

Y (9192) < v*(g1) + v*(g2). Obviously, the function f*(g) = f(7(g)) belongs to
PAMq - (H; E). Now it f(zy) # f(x)+ f(y), then f*(ab) # f*(a)+ *(b), and we
arrive at a contradiction with the previous lemma. Thus f € HOM(H; E). O
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